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Let P be a Z-product of semi-stratitiable spaces as in our title. First, we consider when Z is 
normal. Secondly, we consider when Z is collectionwise normal if it is normal. Moreover, it is 
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1. Introduction 
After Corson [2] had introduced the concept of X-products and begun the study 
of their normality, Gul’ko [4] and Rudin [ 141 made an essential advance in it. That 
is, they proved 
(i) A Z-product of metric spaces is normal. 
Subsequently, Kombarov [7] obtained the following extension: 
(ii) For a E-product E of paracompact p-spaces, (a) 2 is normal, (b) 2 is 
collectionwise normal and (c) 5 has countable tightness are equivalent. 
The form of it was so beautiful that the study of the subject seemed to be completed. 
However, the author [15, 161 obtained the further extensions: 
(iii) If a E-product of paracompact Z-spaces has countable tightness, then it is 
normal. 
(iv) If a E-product of paracompact E-spaces is normal, then it is collectionwise 
normal. 
The class of paracompact E-spaces is broad and stable in the sense that it contains 
both paracompact p-spaces and a-spaces and that it is countably productive, 
respectively. On the other hand, the class of semi-stratifiable spaces is another broad 
and stable one in the sense that it contains a-spaces and that it is hereditary and 
countably productive, respectively. 
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The main purpose of this paper is to give the counterparts of (iii) and (iv) for 
the E-products of semi-stratifiable spaces. The basic ideas of their proofs are found 
in [7, 15, 161. Moreover, we show the subnormality and the countable metacompact- 
ness of the E-products without any additional conditions. 
All spaces here are assumed to be T, . The letters n, m, k and i denote non-negative 
integers. 
2. Preliminaries. 
Definition 1. Let X = n,,, X, be a Cartesian product of spaces. Take a point 
s = (sh) E X. For each x = (x*) E X, Supp(x) denotes {A E A: x, # So}. The subspace 
2 = {x E X: Supp(x) is at most countable} of X is called a E-product [2] of the 
spaces X,,, A E A. Such s E 2 is called the base point of E, which is often omitted. 
For the index set A and each r c A, X, denotes n,,, X, and pr denotes the 
projection of E into X,. In particular, for each finite Fc A (countable R c A), 
X,(X,) is called a jinite (countable) subproduct ofE. For each countable R c A, a 
subset S of Z is said to be R-cylindrically open (closed) in 2 if pR (S) is open (closed) 
in X, and pR’pR(S) = S. 
For the index set A, A, denotes the set of all non-empty countable subsets of A. 
Let E be an index set such that one can assign R, E A, for each 5 E h Then XRs 
and pRg are abbreviated by X, and ps, respectively. For each 5, n E g with R, c R,, 
p; denotes the projection of X, onto X,. 
Let E be a set consisting of finite sequences and 0. For each 5 = (LY, * . . (Y,-~(Y,,) E 
S, 5_ and 50 LY denote ((Y, * * * cr,_,) and (czl . * * (Y,(Y), respectively. The 0-tuple 
sequence of E is only 0. 
Definition 2. A space X is said to be semi-stratijiable [3] if there is a function g of 
X x {n: n 2 1) into the topology of X, satisfying 
(i) n:=;=, g(x, n) = {x} for each XE X, 
(ii) if {x,} is a sequence of points in X with y~nz=~ g(x,, n) for some YE X, 
then {x,} converges to y. 
The function g is called a semi-stratijiablefinction of X (cf. [5, p. 2541). 
We will use the following properties of semi-stratifiable spaces; 
(1) a semi-stratifiable space is subparacompact, 
(2) a semi-stratifiable space is perfect (i.e., each open subset is an F,-set), 
(3) the countable product of semi-stratifiable spaces is also semi-stratifiable. 
These are found in [3]. Moreover, we will use that 
(4) if ny=, Xi is perfectly normal and paracompact for each n > 1, then nz, Xi 
is paracompact (cf. [12, Theorem 4.91 or [13, Theorem 6.21). 
Definition 3. We say that a space X has countable tightness if for any A= X and 
x E A there is a countable set B such that B c A and x E B. 
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This concept is well-known and note that 
(5) the property of having countable tightness is hereditary. 
Moreover, let’s remark that 
(6) a E-product has countable tightness iff each finite subproduct of it has 
countable tightness (cf. [8, Proposition 11). 
The following is often used for the proof of the collectionwise normality of spaces. 
Lemma 1. Let 9 = (0, : cx E fl} be a discrete collection of closed sets in a space X. If 
there is a u-locally Jinite collection % of open sets in X such that U 9 c U % and for 
each U E 42 I? meets at most one member of 9, then there is a disjoint collection 
{G,: a E 0) of open sets in X such that D, c G, for each a E 0. 
In case of C! = (0, l}, this is well-known for the proof of the normality of spaces 
(cf. [13, Lemma 4.21). Moreover, the following similar lemma is easily checked. 
Lemma 2. Let 9 = (0, : (Y E 0) be a discrete collection of closed sets in a space X. If 
there is a u-locally Jinite closed cover % of X such that each C E % meets at most one 
member of 9, then there is a disjoint collection {G&I LY E 0) of G,-sets in X such that 
D, = G& for each CY E 0. 
In case of 0 = (0, l}, we will use it for the proof of the subnormality of E-products. 
3. The normality of Z-products 
Theorem 1. Let E be a Z-product of semi-stratijable spaces, each finite subproduct of 
which is paracompact. If E has countable tightness, then it is normal. 
Proof. Let E be the Z-product of spaces X,, A E A, with some base point s E 2. By 
the facts (2)-(6) in the previous section, we may assume that each countable 
subproduct of E is paracompact, semi-stratifiable and has countable tightness. Let 
A and B be any disjoint closed sets in Z: We may also assume that p,(A) n p,(B) 
is non-empty for each R E A,, because X, is normal. 
Now, for each n 2 0, we construct a collection %, of open sets in 1 and an index 
set En of n-tuple sequences such that for each [E Z,, one can assign R, E A,,,, 
E(5) = 2, H(5) = E, xc E X6_, A([) = A, B(5) = B and a function g,, satisfying the 
following conditions (l.l)-(1.7) for each n 2 1: 
(1.1) %I =u {Q(p): p E Enpl} is locally finite in E such that for each U E Q(p), 
/.LE= -n--l 1 U is R,-cylindrically open in 2 and 0 is disjoint from A or B. 
(1.2) (E En implies &_ E T -n--l. 
(1.3) For each ,$EE~, E(5) and H(t) are R,-cylindrically closed and open, 
respectively, in 1 with E(t) c H(t). Moreover, E(0) = H(e)) = 2. 
(1.4) {H(5): 5E 2,) is locally finite in 2. 
4 Y. Yajima f Z-products 
(1.5) For each P+&‘~_,, 
(1.6) For each [EE’,,, gt is a semi-stratifiable function of X, such that 
&(g,(x, k)) = g,_(&(x), k) for each x E XC and k 2 1, where g, is a semi-stratifiable 
function of X,. 
(1.7) For each 5~ E,,, 
(a) pc(E(5))= gt_(x0 n), 
(b) A( 5) and B( 5) are countable subsets of A and B, respectively, 
(c) xg l p~_(A(k)) n ps_(N5)), 
(d) R, = R, u (U {SUPP(C): c E A(5) u B(5))). 
Note &={tJ}. Let E(0) = H(0) =2 and %O={0}. Pick arbitrary R@E A, and 
x0 E X,- = 2. Let A(P)) = A and B(O) = B. For the X,, one can take a semi-stratifiable 
function g, of it. This is the first step of the induction. 
Assume that the above construction has been already performed for no greater - - 
than n. Pick an arbitrary 5 E E,, and fix it. Put @=pf(A)npt(B). Then 0 is a 
non-empty closed set in X,. First, we assume n 2 1. Let Fe = pc( E (5)) and GC = 
ps_(H(t)). BY (1.3)s Fe and GC are closed and open, respectively, in XC_ such that 
E (5) = p;_‘( Fe), H( 5) = p;!( Gt) and Fe c Gc. By the choice of 0, there is a collection 
‘W of open sets in X, such that 
(p:_)Y’(F,)\@ c U W= (P$_)-~(G,)\@ 
and for each WE 74 w is disjoint from p*(A) or p,(B). Let K = (pi_)-‘( Ft) n @. 
Since X, is paracompact, there is a locally finite closed over 9 of (p:_)-‘( F,), refining 
Decompose 9 such as 
9+ = {FE 9: F is contained in some W, E W} 
and .?J_ = w.9+. By the paracompactness of X, again, there is a locally finite 
collection { GF: FE 9) of open sets in X, such that F = GF c (pi-)-I( G*) for each 
FE 9 and GF c W, E ‘TV for each FE y”, . Put %( 5) = { p;‘( GF): FE S+}. Thus, in 
case of n a 1, we have obtained the desired Q(e). In case of n = 0, we may consider 
X, instead of the above (p$_)-‘( Fc) and (pg_)-‘( G*). Then we can similarly obtain 
the a(0). Next, let Et be an index set of (n + I)-tuple sequences such as .9_ = 
{F,, ,:50aE~*},wherelet~*=P)if~_=P).Pickany77=50aE~*.PutE(17)= 
p;‘(F,) and H(v)= p;‘( GFq). By the choice of 9-, we can pick an x, E K such 
that F, c g*(x,, n+ 1). Since X, has countable tightness and x, is in 0, we can 
choose some A(q) c A and B(n) = B, satisfying (1.7b, c). Moreover, put R, E A, 
as in (1.7d). Here, ranging 5 over Z, we can set 
ou .+r=U{%(e): [EE,,} and E”+i=l_J{EC: [EE,,}. 
For each n E Zntl, we can take a semi-stratifiable function g, of X,, which satisfies 
(1.6), because X, is semi-stratifiable and p:_ is continuous. It is easily verified that 
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the conditions (l.l)-( 1.7) are satisfied for n + 1. Thus, we have inductively accom- 
plished the desired construction. 
We set % = uzzp=, Q”. By (l.l), % is a cr-locally finite collection of open sets in 
2 such that for each U E % u is disjoint from A or B. By Lemma 1, it suffices to 
show that Ou covers Z: Assume the contrary and pick some y E E\IJ %. 
Claim 1. There is a sequence { 5”) n3O of finite sequences such that 5” E E,,, 51” = 5” 
and YE E(t”) for each na0. 
In fact, assume that the above to,. . . ,e” have been already chosen. Let pn =pfn. 
BY (1.1), 
P,‘P”(U W5”)) = u Q(5”) c u %I+* = u a SY. 
Hence p,(y)~p,(E([“))\p~(U %([“)). By (1.5), we can choose some [“+‘E E’,,+, 
such that 5”” = 5” and P,(Y) E p,(E(5”+‘)). BY (1.3), Y E pii’~~(E(S”+~)) = E(t”+‘). 
Claim 2. For each m Z 1, the sequence {p~ll,(xs~)},,, of points converges to 
P~-~(Y) in Xc:, where pkl’, = p$ and pm-, = per. 
In fact, by (1.7a) and (1.6), for each n > m we have 
P,~~(Y) = pi:‘, o P,-l(y) E pii11 o ~n-,(E(t”)) 
It follows from (ii) of Definition 2 that Claim 2 is true. 
Now, we set R = U~zO R,n E A, and take the point z E E defined by pR(z) = pi 
and P,,,~(z) = P~,~(s). It is verified by (1.7c, d) and Claim 2 that z is in A n B. This 
is a contradiction. The proof of Theorem 1 ‘is completed. 0 
Remark. There is a collectionwise normal, proper E-product of stratifiable spaces 
such that it has not countable tightness (cf. [ 15, Example l]), where see [ 13, p. 8191 
for the definition of proper 2-products. So one cannot also extend (a) + (c) of (ii) 
in the introduction to the case of JZ-products of semi-stratifiable spaces. 
Recall that semi-metric spaces are first countable and semi-stratifiable (cf. [3, 
Corollary 1.41). 
Corollary 1. A Z-product of semi-metric spaces, each jinite subproduct of which is 
paracompact, is normal. 
This is an immediate consequence of Theorem 1 and (6) in the previous section. 
Theorem 2. Let 2 be a X-product of semi-stratijiable spaces, each jinile subproduct of 
which is paracompact. If Z is normal, then it is collectionwise normal. 
Proof. Let _Z be the normal E-product of spaces X,, A E A, with some base point 
s E E. We may similarly assume that each countable subproduct of E is paracompact 
and semi-stratifiable. Let 9 be a discrete collection of closed sets in 2. 
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Now, for each n 2 0, we construct a collection Q” of open sets in .E and an index 
set En of n-tuple sequences such that for each 5 E E,, one can assign R, E A,, 
E(t) c 2, H(t) c 2, xc E 2, De E 9 and a function gg, satisfying the following 
conditions (2.1)-(2.7) for each n 2 1: 
(2.1) Q” is o-locally finite in 2 and for each U E 9/, t? meets at most one member 
of 9. Moreover, %$ = (0). 
(2.2) = (1.2). 
(2.3) For each &E Z,,, E(t) and H(t) are R,-cylindrically closed and open, 
respectively, in 2 with E(t) c E(&_) and E(t) c H(t). Moreover, E(0) = H(0) = E. 
(2.4 {H(5): 5~ Z,) is u-locally finite in 2. 
(2.5) For each p E En_,, (U 9)nE(p) is covered by 
n-1 
IJ 4Yi U {E(f): 5~ Z” with [- = p}. 
i=O 
(2.6) = (1.6). 
(2.7) For each 5~ V -n, 
(a) X<E Den (E(t-)\UI’Z (U “ui)), 
(b) P~(E(S)) cg,_(p,(x,), n), 
(~1 R, = R,_ U Supp(xs), 
(d) D, n E(t) is covered by Ou,. 
The first step of the construction for n = 0 is similar to the previous one. 
Assume that the above construction has been already performed for no greater 
than n. Pick an arbitrary 5 E E,, and fix it. Put 
w=k(Ps(x), n + 1) npJE(S)): XE (U Ba) n(E(G\UL (U ail)). 
Assume that U W is non-empty. Since E(t) is R,-cylindrically closed in 2 for 
na 1 and E(0)=2 for n =O, p,(E([)) is a closed set in X,. Since X, is perfect, 
IJ ‘IV is an F,-set in X,. By the paracompactness of X,, there is a a-locally finite 
collection 9 of closed sets in X, such that 9 refines ‘ur and U 9= U W. It follows 
from (2.3) that p,(H(t)) is an open set in X, such that U 9cp,(E(S))cp*(H(5)). 
By the paracompactness of X, again, there is a a-locally finite collection { GF: F E 9) 
of open sets in X, such that F c GF c ps( H( 5)) for each FE 3. Let EC denote an 
index set of (n + 1)-tuple sequences such that 
{p,‘(F): FES}={E(~): ~=LJBcxE~~}, 
{p;‘(G,): FES}={H(~): ~=@a~~~}. 
When U W is empty, let EC=@. Pick any ~=~@(YEE& Then E(T) and H(n) 
are contained in E(t) n H( 7) and H(t), respectively. It is easy to find the desired 
x9, D,, R, and g,. Since E is normal, there is an open set U,, in E such that 
D,nE(v)C U,c l?,,cH(q)\U{D~9: DZD,}. 
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Here, ranging 5 over Z,, we set En+, = lJ {Et: [E s,,}. Moreover, we set %,,+, = 
(4: r]E En+i}. Then the conditions (2.1)-(2.7) are satisfied for n + 1. Thus, we have 
inductively accomplished the desired construction. 
We set % = uz=, Q,. By (2.1), %! is a a-locally finite collection of open sets in 
2 such that for each U E Q u meets at most one member of 9. By Lemma 1, it 
suffices to show that 021 covers lJ9. Assume the contrary and pick some YE 
U ga\U Q. BY (2.5), we can inductively choose a sequence { 5n},a0 of finite sequences 
such that 5” E E,,, 51” = 5” and y E E( 5”) for each n 3 0. It follows from (2.7b) and 
(2.6) that {P~F~x~~)),=, converges to p&y) in Xs~ for each m 2 1 (see Claim 2). 
We set R = LJ~+ R,” E A,,, and take the point z E E defined by pR(z) = J+.(Y) and 
pniR(z) =P,,,~(s). Then we can show from (2.7~) that {x,n},,, converges to z. Since 
x6” E D,n E 9 for each n 2 1 and 9 is discrete in 2, {D,n: n 2 1) must be a finite 
sub-collection of 9. But we can deduce the contradiction that it is an infinite one. 
Indeed, let m < n. By (2.7d), we have D, mnE([“)cUoll,.Ontheotherhand,by 
(2.7a) and (2.3), we have 
x6” E D,n n (E(C)\Ui’d (U ai)) c Dpn (E(C”)\U %,,I. 
This implies that De” # D,” if m # n. The proof of Theorem 2 is completed. 0 
The following question which was raised by Morishita [lo] may be interesting as 
a question of the normality of E-products. 
Question 1. Is there a non-normal Z-product, each countable subproduct of which 
is paracompact and has countable tightness? 
4. The subnormality of Z-products 
A space X is said to be subnormal (or S-normal) [ 1,9] if for any disjoint closed 
sets A and B there is a disjoint G,-sets G’ and H’ such that A c G’ and B c H’. 
Note that a space X is subnormal iff every finite open cover of X has a countable 
closed refinement covering X. 
Let N”‘I be the Cartesian product of uncountably many copies of N, where N 
denotes the space of natural numbers with the usual topology. It is well known that 
N”I is not normal. Moreover, we can see that N”1 is not subnormal. Since it is 
nonsense to consider the subnormality of Cartesian products, we also consider that 
of E-products. 
Thoerem 3. A E-product of semi-strati$able spaces is subnormal. 
Proof. Let 2 be the E-product of semi-stratifiable spaces X,, A E A, with some base 
point s E 2. Let A and B be any disjoint closed sets in 2. 
Now, for each n 30, we construct a collection %,, of closed sets in E and an 
index set & of n-tuple sequences such that for each 5 E En one can assign R, E A,, 
E(5) = 2, x6 E Z: and a function g,, satisfying the following conditions (3.1)-(3.7) 
for each nal: 
(3.1) Y&, is cr-locally finite in 2 and each C E %,, is disjoint from A or B. 
(3.2) = (2.2) = (1.2). 
(3.3) For each 5~ E,,, E(f) is R,_-cylindrically closed in J$, and E(0) = 2. 
(3.4) {E(S): (E ZJ is a-locally finite in Z: 
(3.5) For each p E En-, , E(p) is covered by %,, u {E(t): 5~ S,, with &- = p}. 
(3.4) = (2.4) = (1.6). 
(3.7) For each 5~ En, 
(a) x6 E E (l-) n A if n is odd and x6 E E( [-) n B if n is even. 
(b) = (2.7b), and 
(c) = (2.7~). 
The construction by induction is similar to the previous one in the proof of 
Theorem 2, where we use (1) in the second section. The details are left to the reader. 
We set % = lJZ=r %,,. By (3.1), % is a a-locally finite collection of closed sets in 
E such that each C E % is disjoint from A or B. By Lemma 2, it suffices to show 
that V covers E. Assume the contrary. In the same way of the proofs of Theorems 
1 and 2, we can find a sequence {~~“}~~r of points in E which converges to some 
point z E 2, where 5” E E,, with (I” = 6” for each n 2 0. By (3.7a), we have z E A n B. 
This is a contradiction. The proof is completed. 0 
Modifying the proof of [15, Theorem 11, we obtain 
Proposition 1. Let E be a _.&pruduct of subpuraeom~act Sspaces. If 2 has mountable 
tightness, then it is subnormal. 
A space X is said to be collectionwise &normal [6] if for each discrete collection 
{Da: (Y E a} of closed sets there is a disjoint collection {Gb: a! E 0) of G,-sets such 
that Da c Gb; for each cy E f2. 
Modifying the proof of [16, Theorem 11, we obtain 
Proposition 2. Let .Z be a Zproduct of subparacompact Z-spaces. If 2 is subnormal, 
then it is collectionwise b-normal. 
By Theorem 3 and Proposition 2, we have 
Corollary 2. A Z-product of v-spaces is collectionwise b-normal. 
It is natural from Theorem 3 and Corollary 2 to ask 
Question 2. Is a E-product of semi-stratifiable spaces collectionwise S-normal? 
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5. The countable metacompactness of X-products 
A space X is said to be countably metacompact if every countable open cover of 
X has a point-finite open refinement covering X. 
A space X is called a P-space (in the sense of Morita [ll]) if for a set 0 and for 
any collection 
{G(cy, * * * a,): a,, . . . , a,, E f2 and n 2 1) 
of open sets in X such that 
(iii) G(LY, . . . a,) c G((Y, . . . CZ,,(Y,+,) for each cy,, . . . , a,, (Y,+~ E iI and n 2 1, 
there is a collection 
{C(a,*** (Y,): (Y] ,..., (Y,E~ andnal} 
of closed sets (F,-sets) in X, satisfying 
(iv) C((~,...a,)cG((~~...(~,)foreach(~,,...,a,~~andn~l, 
(v) U;=P=, G(al . . ~c~,)=XimplieslJ~~~C(a,~~~~,)=X. 
Note that perfect spaces and Z-spaces are P-spaces and that P-spaces are 
countably metacompact (cf. [ 111). 
Theorem 4. A E-product of semi-stratijiable spaces is a P-space. 
Proof. Let 2 be the E-product of semi-stratifiable spaces X,, A E A, with some base 
point SEE. Let {G((Y, . . . a,): a1 ,..., a,, E R and n 3 l} be a collection of open 
sets in 2, satisfying (iii) in the above. 
Now, for each n 3 0, we construct a collection Ce, of closed sets in 2 and an 
index set E,, of n-tuple sequences such that for each 5 E s”, one can assign R, E A,,,, 
E( 5) c 2, x6 E E and a function gg, satisfying the following conditions (4.1)-(4.7) 
for each nil: 
(4.1) %” is a-locally finite in E and each C E %‘, is contained in G((Y~ . . . a,). 
(4.k)=(3.k), where k=2,3,4, 5,6. 
(4.7) For each [E S,,, 
(a) xc E E\G(al * * . w,), 
(b) = (3.7b) and 
(c) = (3.7c). 
We set C((Y, . . . a,) =(J Vi’,, for each n 2 1. By (4.1), each C((Y, . . . a,) is an 
F,-set which is contained in G( czl . . . a,). In the same way of the proofs of Theorems 
1 and 2, we can verify that 
ij C((Y, * *. (Y,) # E implies fi G((Y, . * * a,)#2. 
II=, n=1 
This means that .E is a P-space. q 
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Immediately, we have 
Corollary 3. A E-product of semi-stratifable spaces is countably metacompact. 
For the countable paracompactness of E-products, the referee has pointed out 
the following proposition. 
Proposition 3. Any normal proper E-product is countably paracompact. 
This is an immediate consequence of [13, Theorem 6.11. 
6. Subsets of Cartesian products 
Let X be the Cartesian product of spaces X,, A E A. A subset of the form nAEn Kh, 
where Kh c X, for each h E A, is called an NO-cube in X if K,, # X, for at most 
countably many A E A. 
The following result is a generalization of [16, Theorem 61. 
Theorem 5. Let X be a Cartesian product of semi-stratiJiable spaces. Then a closed 
set in X is a G,-set iflit is the union of &-cubes. 
Seeing the proofs of Theorem 3 and [ 16, Theorem 61, Theorem 5 is easily shown. 
The details are left to the reader. 
Corollary 4. Let X be a Cartesian product of semi-strattfiable spaces and Y a closed 
continuous image of X. Then Y is perfect ifleach point of Y is a Gs-set. 
Corollary 5. Let X be a Cartesian product of semi-stratifable spaces. If each finite 
subproduct of X is paracompact and has countable tightness, then X is perfectly 
K-nOrTd. 
Our Corollaries 4 and 5 are generalizations of [ 16, Corollary 21 and [ 16, Theorem 
21, respectively. These follow from Theorem 5 in the similar way. 
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